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ABSTRACT 

The Fibonacci sequence is famous for possessing wonderful and amazing properties. In this paper, we present 

generalized identities involving common factors of k-Fibonacci-Like, k- Fibonacci and k-Lucas numbers and related identities. 

Binet’s formula will employ to obtain the identities. 
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INTRODUCTION 

It is well-known that the Fibonacci sequence is most prominent examples of recursive sequence. The Fibonacci 

sequence is famous for possessing wonderful and amazing properties. Fibonacci numbers are a popular topic for 

mathematical enrichment and popularization. The Fibonacci appear in numerous mathematical problems. Fibonacci 

composed a number text in which he did important work in number theory and the solution of algebraic equations. The 

book for which he is most famous in the “Liber abaci” published in 1202. In the third section of the book, he posed the 

equation of rabbit problem which is known as the first mathematical model for population growth. From the statement of 

rabbit problem, the famous Fibonacci numbers can be derived, 

 

Figure 1 

This sequence in which each number is the sum of the two preceding numbers has proved extremely fruitful and 

appears in different areas in Mathematics and Science.  

The Fibonacci sequence, Lucas sequence, Pell sequence, Pell-Lucas sequence, Jacobsthal sequence and 

Jacobsthal-Lucas sequence are most prominent examples of recursive sequences. 

The Fibonacci sequence [8] is defined by the recurrence relation 

1 2 0 1, 2 0, 1k k kF F F k with F F− −= + ≥ = =                                                                                          (1.1) 

The Lucas sequence [8] is defined by the recurrence relation  
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1 2 0 1, 2 2, 1k k kL L L k with L L− −= + ≥ = =                                                                                             (1.2) 

The second order recurrence sequence has been generalized in two ways mainly, first by preserving the initial 

conditions and second by preserving the recurrence relation.  

Kalman and Mena [5] generalize the Fibonacci sequence by  

1 2 0 1, 2 0, 1n n nF aF bF n with F F− −= + ≥ = =                                                                                     (1.3) 

Horadam [1] defined generalized Fibonacci sequence  by  

1 2 1 2, 3 ,n n nH H H n with H p H p q− −= + ≥ = = +                                                                      (1.4)  

where p and q are arbitrary integers.  

Panwar, Rathore and Chawla [18] introduced the k-Fibonacci-Like sequence and proved some related identities. 

For any positive real number k, the k-Fibonacci-Like sequence ,{ }k nS  is defined by the recurrence relation  

, 2 , 1 , ,0 ,1, 0 2, 2k n k n k n k kS kS S n with S S k+ += + ≥ = =                                                                             (1.5) 

This sequence contains features both of the k-Fibonacci sequence and the Fibonacci-Like sequence. 

PRELIMINARIES 

The k-Fibonacci numbers which are of recent origin were found by studying the recursive application of two 

geometrical transformations used in the well-known four triangle longest-edge partition [10], serving as an example 

between geometry and numbers. Also in [18], authors established some new properties of k-Fibonacci numbers and k- 

Lucas numbers in terms of binomial sums. Falcon and Plaza [2] studied 3-dimensional k-Fibonacci spirals considering 

geometric point of view. Some identities for k-Lucas numbers may be found in [2]. In [4] many properties of k-Fibonacci 

numbers are obtained by easy arguments and related with so-called Pascal triangle. 

In this section, we Review Basic Definitions and Introduce Relevant Facts 

Definition (k-Fibonacci sequence [4]).:  For any positive real number k, the k-Fibonacci sequence { },k nF  is 

defined by the recurrence relation  

, 1 , , 1 ,0 ,1, 1 0, 1k n k n k n k kF kF F n with F F+ −= + ≥ = =                                                                             (2.1) 

A few k-Fibonacci numbers are  

,2kF k=  

2
,3 1kF k= +  

3
,4 2kF k k= +  
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4 2
,5 3 1kF k k= + + … 

There is a large number of k-Fibonacci sequences indexed in The Online Encyclopedia of Integer Sequences, 

from now on OEIS, being the first 

{ } { }1,  0,  1,  1,  2,  3,  5,  8,  . . . :  A000045nF =  

{ } { }2,  0,  1,  2,  5,  12,  29,  . . . :  A000129nF =  

{ } { }3,  0,  1,  3,  10,  33,  109,  . . . :  A006190nF =  

Preposition 2.1:  (Binet’s formula for the k-Fibonacci sequence [4]). The nth k-Fibonacci number is given by  

1 2
,

1 2

n n

k nF
ℜ − ℜ=
ℜ − ℜ

                                                                                                                                     (2.2) 

where 1 2&ℜ ℜ are the roots of the characteristic equation2 1 0x kx− − = .   

Definition (k-Lucas sequence [1]). For any positive real number k, the k-Lucas sequence { },k nL  is defined by 

the recurrence relation  

, 1 , , 1 ,0 ,1, 1 2,k n k n k n k kL kL L n with L L k+ −= + ≥ = =                                                                              (2.3) 

A few k-Lucas numbers are 

2
,2 2kL k= +  

3
,3 3kL k k= +  

4 2
,4 4 2kL k k= + +  

5 3
,5 5 5kL k k k= + +  

Now on OEIS, being the first  

{ } { }1,  2,  1,  3,  4,  7,  11,  18,  29,  . . . :  A000032nL =  

{ } { }2,  2,  2,  6,  14,  34,  82,  198,  478,  . . . :  A002203nL =  

{ } { }3,  2,  3,  11,  36,  119,  393,  1298,  4287,  . . . :  A006497nL =  

Preposition 2.2: (Binet’s formula for the k-Lucas sequence [1]). The k-Lucas numbers are given by the formula  
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, 1 2
n n

k nL = ℜ + ℜ                                                                                                                                                   (2.4) 

where 1 2&ℜ ℜ are the roots of the characteristic equation2 1 0x kx− − = .   

Definition (k-Fibonacci-Like sequence [9]).:  For any positive real number k, the k-Fibonacci-Like 

sequence ,{ }k nS  is defined by the recurrence relation  

, 2 , 1 , ,0 ,1, 0 2, 2k n k n k n k kS kS S n with S S k+ += + ≥ = =  

A few k-Fibonacci-Like numbers are  

2
,2 2 2kS k= +  

3
,3 2 4kS k k= +  

4 2
,4 2 6 2kS k k= + +  

5 3
,5 2 8 6kS k k k= + +  

Now 

{ } { }1,  2,  2,  4,  6,  10,  16, . . .nS =  

{ } { }2,  2,  4,  10,  24,  58,  130, . . .nS =  

Preposition 2.3:  (Binet’s formula for the k-Fibonacci-Like sequence [9]). The k-Fibonacci-Like numbers are 

given by the formula 

1 1
1 2

,
1 2

2
n n

k nS
+ +ℜ − ℜ=

ℜ − ℜ
                                                                                                                                         (2.6) 

where 1 2&ℜ ℜ are the roots of the characteristic equation2 1 0x kx− − =  

IDENTITIES OF THE K-FIBONACCI-LIKE SEQUENCE 

The There are a lot of identities of Fibonacci and Lucas numbers described in [8]. Thongmoon [16, 17], defined 

various identities of Fibonacci and Lucas numbers. Singh, Bhadouria and Sikhwal [13], present some generalized identities 

involving common factors of Fibonacci and Lucas numbers. Gupta and Panwar [5], present identities involving common 

factors of generalized Fibonacci, Jacobsthal and jacobsthal-Lucas numbers. Panwar, Singh and Gupta ([11, 12]), present 

Generalized Identities Involving Common factors of generalized Fibonacci, Jacobsthal and jacobsthal-Lucas numbers. 

Singh, Sisodiya and Ahmed [15], investigate some products of k-Fibonacci and k-Lucas numbers, also present some 

generalized identities on the products of k-Fibonacci and k-Lucas numbers to establish connection formulas between them 

with the help of Binet’s formula .  In this paper, we present identities involving common factors of k-Fibonacci-Like, k-
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Fibonacci and k-Lucas numbers. Generalized k-Fibonacci-Like sequence [9], similar to the other second order classical 

sequences. In this section we present generalized identities involving common factors of generalized k-Fibonacci-Like, k-

Fibonacci and k-Lucas numbers. We shall use Binet’s formula for derivation. 

Theorem 3.1: ,4 1 ,2 2 ,2 12 , 1k n k n k nS k S L where n− − ++ = ≥                                                                        (3.1)  

Proof:  

( )( )2 1 2 1 2 1 2 1
,2 2 ,2 1 1 2 1 2

1 2

2 n n n n
k n k nS L − − + +

− + = ℜ − ℜ ℜ + ℜ
ℜ − ℜ

 

( )4 4 2 1
1 2

1 2 1 2

2 n n
  ℜ ℜ = ℜ − ℜ + −  ℜ − ℜ ℜ ℜ   

   

( ) ( )4 4
1 2 1 2

1 2

2
2n n= ℜ − ℜ + ℜ + ℜ

ℜ − ℜ
     

,4 1 2k nS k−= +  

This completes the proof. 

Corollary  3.2: ,2 2 ,2 1 ,41, 2k n k n k nFor n S L F k− +  ≥ = +                                                                           (3.2) 

Following theorems can be solved with the help of Binet’s formula 

Theorem 3.3: ,4 2 ,2 2 ,22 , 1k n k n k nS S L where n− −+ = ≥                                                                            (3.3) 

Corollary 3.4: ,2 2 ,2 ,4 11, 2 1k n k n k nFor n S L F− − ≥ = +                                                                            (3.4  

Theorem 3.5: ,4 3 ,3 ,2 3 ,2 , 0k n k k n k nS S S L where n+ ++ = ≥                                                                       (3.5) 

Corollary 3.6: ,2 3 ,2 ,4 4 ,40, 2k n k n k n kFor n S L F F+ + ≥ = +                                                                    (3.6) 

Theorem 3.7: ,4 4 ,2 2 ,2 22 , 0k n k n k nS S L where n+ + ++ = ≥                                                                        (3.7) 

Corollary 3.8: ,2 2 ,2 2 ,4 50, 2 1k n k n k nFor n S L F+ + + ≥ = +                                                                        (3.8) 

Theorem 3.9: ,4 2 ,2 1 ,2 12 , 0k n k n k nS S L where n+ + +− = ≥                                                                         (3.9) 

Corollary 3.10: ,2 1 ,2 1 ,4 30, 2 1k n k n k nFor n S L F+ + + ≥ = −                                                                   (3.10) 

Theorem 3.11: ,4 , 1 , ,2 12 , 1k n k n k n k nS S L L where n− +− = ≥                                                                    (3.11) 
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Corollary 3.12: , 1 , ,2 1 ,4 11, 2 1k n k n k n k nFor n S L L F− + + ≥ = −                                                                 (3.12) 

Theorem 3.13: ( ) ( )2
,2 1 ,2 ,4 14 4 , 1k n k n k nk S S L k where n− ++ = − ≥                                                      (3.13) 

Theorem 3.14: ( ) ( )2
,2 1 ,2 ,4 14 4 , 0k n k n k nk S S L k where n+ ++ = + ≥                                                    (3.14) 

CONCLUSIONS 

In this paper, we present many identities of common factors of k-Fibonacci-Like, k-Fibonacci and k-Lucas 

numbers with the help of their Binet’s formula. The concept can be executed for generalized Fibonacci sequences as well 

as polynomials. 
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